Understanding the role of higher derivatives is probably one of the most relevant questions in quantum gravity theory. Already at the semiclassical level, when gravity is a classical background for quantum matter fields, the action of gravity should include fourth derivative terms to provide renormalizability in the vacuum sector. The same situation holds in the quantum theory of metric. At the same time, including the fourth derivative terms means the presence of massive ghosts, which are gauge-independent massive states with negative kinetic energy. At both classical and quantum level such ghosts violate stability and hence the theory becomes inconsistent. Several approaches to solve this contradiction were invented and we are proposing one more, which looks simpler than those what were considered before. We explore the dynamics of the gravitational waves on the background of classical solutions and give certain arguments that massive ghosts produce instability only when they are present as physical particles. At least on the cosmological background one can observe that if the initial frequency of the metric perturbations is much smaller than the mass of the ghost, no instabilities are present.
Introduction
General relativity (GR) is a complete theory of classical gravitational phenomena, which proved valid at the wide range of energies and distances. However, as any other known physical theory, it has some limits of application. In order to establish these limits for GR, one has to review the most important solutions, which have specific important symmetries.
1) Spherically-symmetric solution is important for describing objects like planets, stars and black holes.
2) Isotropic and homogeneous metric is used to describe the zero-order approximation for the Universe.
It is well-known that both of these cases are characterized by singularities, that means the components of curvature tensor and energy density of matter become infinite in certain parts of the space-time manifolds. The natural interpretation is that GR is not valid at all scales and must be modified in the vicinity of the singularities. The problem is that, once the action of the theory and the corresponding equations of motion are modified, these changes can not be limited to the given regions of space-time. Indeed, certain modifications can become relevant and in some cases destructive in all points of the space-time manifolds. And this is the case for the modifications related to quantum effects of both matter fields and gravity itself.
One of the most natural reasons to modify GR is related to quantum effects. The expected scale of the quantum gravity (QG) effects is associated to the Planck units of length, time and mass. The three fundamental constants, namely speed of light c, Planck constant and Newton constant G can be used used uniquely to construct the universal Planck quantities (we set c = 1 and = 1 here)
One may suppose that the fundamental Planck units indicate to the presence of a fundamental physics at the Planck scale M P . Since c, and G are involved, it should be relativistic quantum and gravitational theory at the same time. Unfortunately, the dimensional approach does not tell us how this unification should happen. And, as we know, there are plenty of different ideas of what the relativistic quantum gravitational theory can look like. Now, in spite of a great variety of approaches, (more or less) all of them can be classified into three distinct general groups. One can:
(i) Quantize both gravity and matter fields. This is the most fundamental approach and the main subject of the present review, where we discuss only one particular (albeit very important) aspect of QG.
(ii) Quantize only matter fields on classical curved background (semiclassical approach). There are many good text-books and introduction reviews on the subject, let us just mention the books Refs. 1, 2, 3, 4. It is important that, different from quantum theory of metric itself, QFT and curved space-time are well-established notions, which passed many experimental and observational tests. If we put them together, we arrive at the new physics which is a decent object to explore -just because it describes some phenomena which certainly exist. On the other hand, there is no absolute certainty that metric itself should be quantized, since metric is, after all, different from all other fields.
(iii) Instead of quantizing gravity and/or matter, one can quantize something else. For example, in the case of (super)string theory both matter and gravity are induced. In this sense string theory is the most complete and consistent version of QG. However, there is still a fundamental question of why this theory should be regarded as quantum gravity. In other words, string theory is a very important approach to QG, but still it is one possible alternative among many possible approaches to QG. An important detail is that all three possible lines of thought about QG have one common point, namely in all cases one meets higher derivatives in the effective action of gravity. In particular, the terms
actually emerge in all three approaches. In case of string theory, these higher derivative terms can be reduced and made non-offensive by means of the Zweibach reparametrization. 5 Indeed, one can perfectly well use the same approach in the first two cases, of (i) and (ii). It is sufficient to assume that, after the effective action of gravity (effective action of the external metric field, in case of (ii)) is found, one can perform the reparametrization of the metric
where the coefficients x 1,2,... are chosen in such a way that the higher derivative terms do not contribute to the propagator of gravitational perturbations. After that we define that the corresponding metric g ′ µν is physical, exactly because in this parametrization there are no dangerous ghosts which can produce instabilities. In case of the fourth-derivative theory it is sufficient to require that the first two terms in (2) , after the transformation (3), form the combination α 1 R 2 µναβ − 4R 2 αβ , like in the Gauss-Bonnet topological term. In this case there is no gauge-independent tensor ghost in the spectrum. The coefficient of the last term, R 2 , can not defined by the requirement of the absence of ghost, hence it represents an ambiguity. This is a particular case of the general situation, related to a serious ambiguity in the physical predictions of the gravitational theory based on the transformation (3).
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In the cases of (ii) and (iii) such a reparametrization concerns only external field (metric) and hence does not violate the unitarity of the S-matrix for quantum fields. As far as we know, the phenomenological consequences of this choice of the metric were never explored in the framework of the semiclassical approach (ii) and we will not deal with this problem in this review neither. Instead, we shall assume that no reparametrization like (3) is performed and discuss the effect of ghosts on the stability of the classical solutions.
In the next part of this short review we shall describe why higher derivatives are necessary in both semiclassical and quantum gravity. Furthermore, we present a brief review of ghosts and of the known approaches to avoid the inconsistencies related to them. Finally, we shall give a brief qualitative exposition of the results of our recent works 7, 8 and show that there are certain chances that the situation with ghosts is actually more optimistic when one is dealing with the physics of QG below the Planck scale. The review is organized as follows. The next Section is devoted to the general status of higher derivatives in gravity. In Sect. 3 we consider the known methods of dealing with the ghost problem. Sect. 4 contains the main results on the effective approach to such ghosts and, finally, in Sect. 5 we draw our Conclusions.
Why higher derivatives?
Let us consider why higher derivatives are necessary in semiclassical and quantum gravity theories and what the ghost means.
Semiclassical gravity
The QFT in curved space requires introducing a generalized action of external gravity field. One can prove that the theory can be renormalizable only if such a vacuum action includes four derivative terms. We will not go into details, but just refer the reader to the books in Refs. 1, 3 for a general introduction, and to the recent paper in Ref. 9 for the most complete proof, including the case when non-covariant gauge fixing conditions are used. The necessary form of the "vacuum action" is as follows:
where
is the Einstein-Hilbert action with the cosmological constant and the higher derivative term S HD , defined in (2), can be recast in the most useful form as
Here
is the square of the Weyl tensor and
is the integrand of the topological Gauss-Bonnet term. In order to understand why the terms (4) are necessary, it is sufficient to consider the one-loop approximation, when the vacuum contribution reduce to the single bubble of matter field, as shown in Fig. 1 . The external gravity can be implemented by means of the external tails of the field h µν , where we assume the linear parametrization of the metric, g µν = η µν + h µν . The simple bubble without tails of h µν has quartic divergences, the bubble with one vertex of matter-matter-h µν interaction has quadratic divergences and, finally, the bubble with two such vertices has logarithmic divergences. Due to the general covariance of the counterterms, 9 the possible logarithmically divergent structures are exactly those listed in (4) .
In quantum gravity, higher derivative term like the square of the Weyl tensor indicate the presence of massive ghost, namely, a spin-two particle with negative kinetic energy. This leads to the problem with unitarity, at least at the tree level. But, in the semiclassical theory, gravity is external and unitarity of the gravitational S-matrix can be not requested. Therefore, the consistency conditions in this case can be relaxed to the following: (i) existence of physically reasonable solutions and (ii) their stability under small metric perturbations. Perhaps the most important point here is that the theory without the fourth-derivative terms (6) can not be consistent. If we do not include them into the classical action, these terms will emerge in the quantum corrections anyway, with infinite coefficients. The difference with the theory (4) would be that, without these terms in the classical action one can not control higher derivatives by means of multiplicative renormalization.
The last two important observations concerning higher derivatives are as follows. First, if we consider a more general theory, where metric is also an object of quantization, anyway one should definitely quantize both matter and gravity, for otherwise the QG theory would not be complete. Then the diagrams with matter internal lines in a complete QG are be exactly the same as in a semiclassical theory. This means one can not quantize metric without higher derivative terms in a consistent manner, since these terms are produced already within the semiclassical theory. The second point is that the effect of higher derivative terms can be Plancksuppressed in the classical solution, but this does not solve the problem, because the canonical wisdom tells us that more massive ghost would be even more destructive 6 Authors' Names and lead to even faster explosion of the vacuum space-time (see, e.g., Ref. 10 for discussion). As we shall see in what follows, this is not necessary the case, so the huge mass of the ghost can provide a solution of the whole problem.
(Super)renormalizable quantum gravity
Let us now briefly consider the situation with higher derivatives in a proper QG. The standard traditional approach to QG assumes that the quantization can be performed using the variables
It is assumed that this choice of the quantum metric is the "right" one. This choice enables one to deal with the well-defined object such as S -matrix of the gravitational field h µν . Let us note that in the case of quantum General Relativity the parametrization (9) corresponds to so-called Gaussian expansion of the action
This means that in the variables (9) the second order (Gaussian approximation) of the action is κ-independent. In other words, in the absence of cosmological constant, the expansion in the coupling κ and the flat-space expansion (9) are related notions.
One of the consequences of this is that in the theories with a non-Gaussian fixed point κ 0 , 11, 12 the natural expansion is not the one in the powers of κ, but in the powers of κ − κ 0 . In this case, the flat space is not a distinguished space-time from quantum viewpoint. On the other hand, this relation shows that the S-matrix approach to QG is relevant mainly in the standard perturbative QG. In the nonperturbative approaches, such as asymptotic safety scenarios, there may be no welldefined asymptotic states, no well-defined S-matrix and, hence, one should look for another criterion for the consistency of the theory, without necessary using the unitarity of the S-matrix as such a criterion. Once again, we arrive at the idea of checking stability of the physically relevant classical solutions in the theory. One can certainly consider this to be a minimal condition of consistency of the theory.
The construction of QG starts from some covariant action of gravity,
where L(g µν ) is the covariant Lagrangian density. The action can be (5), or (4), or some other, with more higher derivative terms. The gauge transformation is the diffeomorphism x ′ µ = x µ + ξ µ and the metric transforms under it as
By using the method described in Ref. 13 for the case of (4), one can prove that the effective action of the metric, Γ(g µν ) is also diffeomorphism invariant and the possible divergences are local, as usual in quantum field theory. Then one can use the notion of power counting to explore the possible form of these divergences.
The universal formula for the superficial degree of divergence of a diagram with the power of momenta r l is the inverse of the propagator of some internal line, with the number of vertices n and K ν power of momenta in a given vertex, is
Here D is the superficial degree of divergence of a diagram and d is the total number of derivatives on its external lines. Furthermore, one can use topological relations, e.g., the one between number of loops p, vertices n, and internal lines
As the first example, let us consider quantum GR, with the action (5). Obviously, the diagrams with the vertices K ν = 0 will be less divergent. Therefore, for the sake of simplicity we consider only vertices with K ν = 2. Taking r l = K ν = 2 and combining eqs. (13) with (14), we arrive at the estimate
One can see that the diagrams with D = 0 (that means only logarithmic divergences) require counterterms with the number of derivatives of the metric growing with the loop order according to d = 2 + 2p. This means that quantum GR is not renormalizable. This conclusion has been supported by direct calculations at one 14, 15 and two 16 loops. In the last case there is the counterterm R µναβ R µν ρσ R µνρσ , which does not vanish on-shell, that means the divergences of the S-matrix of the theory can not be dealt with in a regular way. In the presence of matter the situation is similar even at the one-loop level.
Within the standard perturbative approach non-renormalizability means the theory has no predictive power. Every time we introduce a new type of counterterms, it is necessary to fix renormalization condition and this means performing a measurement. Since, according to (15) , the number of counterterms is not restricted, before making a single prediction, in principle it is necessary to have an infinite amount of experimental data.
There are two possible way to the solutions of this problem: 1. Change standard perturbative approach to something else. This is the line of research which is beyond the framework of the present review. Let us only say that there are many options in this area, but their consistency and relation to the standard QG program are not clear, in all cases.
2. One can change to another theory as a starting point to construct QG.
The first option is widely explored in the asymptotic safety scenarios, in the effective approaches to QG and in the induced gravity paradigm (including string theory). Let us concentrate on the second choice, that means we will try to change the theory which is the subject of quantization. In this case one meets a great variety of different models. For example, the string theory belongs also to this class of approaches. However, if one is looking for a most simple and natural solution, the first option should be just to introduce higher derivatives into the gravitational action, starting from the terms (6) . The reason is that we need these terms anyway for quantizing matter field. Since the full QG theory should include both metric and matter being quantized, one has to take care about the diagrams with the internal lines of matter fields and external ones of the gravitational field h µν . But those diagrams are exactly the ones of the semiclassical theory and, as we already noted, they require the terms of both (6) and (5) to be included. Now, if we do so, the situation in QG changes dramatically, because this new theory is renormalizable. The propagators and vertices in higher derivative QG (HDQG) are not the same as in quantum GR. In this case we have r l = 4 and there are vertices with K 4 , K 2 and K 0 . Then the superficial degree of divergence can be easily evaluated to give
This theory is definitely renormalizable. Dimensions of counterterms, at all loops, are 4, 2, 0, depending on the number of the vertices of the K 2 -and K 0 -type. Unfortunately, there is a high price to pay for renormalizability. The higher derivative QG based on the fourth-derivative action (4), possesses a massive spintwo gauge-independent excitation called massive ghost,
In the framework of linearized theory one can separate the massless and massive degrees of freedom. It is an easy exercise to check that the kinetic energy of the massive component is negative. For this reason this particle is called massive ghost. Indeed, the mass of this ghost is huge, of the Planck order of magnitude. The main point of this review is a new proposal concerning ghosts, which was originally done in Ref. 
A simple analysis shows that this theory is superrenormalizable, but the massive ghost is still here. For the case of real poles one can prove that the spin-two part of the propagator has the structure
where for any sequence 0 < m
, the signs of the corresponding terms alternate, A j · A j+1 < 0. Therefore, the situation when the ghost is shifted to an infinite energy level is ruled out. In order to understand the renormalizability properties of the theory one has to consider the power counting. It is sufficient to consider only vertices K ν = 2k + 4, which produce strongest divergences. Then we have r l = K ν = 2k + 4 and one can easily arrive at the estimate
For k = 0 we meet the standard result, d ≡ 4 for D = 0. Starting from k = 1 we have superrenormalizable theory, where the divergences exist only for p = 1, 2, 3. For k ≥ 3 we have superrenormalizable theory, where the divergences exist only at the one-loop level, when p = 1. So, if we solve the ghost problem someday, there will be many versions of renormalizable and superrenormalizable higher derivative QG theories. In particular, superrenormalizable QG theory described above has some interesting features. For example, in the basic fourth-derivative version, the quantum corrections have an ambiguity related to the choice of gauge-fixing condition. As a consequence of this, there are no well-defined β -function for the Newton constant G and for the cosmological constant Λ. On the contrary, in the superrenormalizable versions there is no such problem, in fact all β -functions are well-defined and gauge-fixing independent. Moreover, for k ≥ 3 it is possible (albeit very difficult) to derive exact β-functions. Finally, one can say that there are quite a lot of superrenormalizable QG theories with many free parameters, and not a single experiment to fix their values. Perhaps, the main problem of QG is not just a theory, but the lack of experimental data.
What is the problem with ghosts?
A consistent theory of quantum matter fields on classical curved background can be achieved only if we include the higher derivative terms (6) into the classical action of vacuum. The same action (4) represents also a basis for renormalizable QG theory. What is a problem with massive ghosts which make the higher derivative theories so problematic?
In short, the presence of ghosts created the following problem: the vacuum state of the theory becomes unstable and theory gets inconsistent. This means, for example, that the vacuum is not protected against a spontaneous creation of massive ghost and of a certain amount of normal particles, which compensate the negative energy of the ghost. Other forms of formulating the same problem can be formulated as follows:
In classical systems higher derivatives generate exploding instabilities at the non-linear level, as was discussed originally by Ostrogradsky in 1850 in Ref. 18 and in relation to the gravitational case by Woodard in Ref. 10 . One can check that at the linear level the theory is stable, therefore the problem is related to the non-linear level of consideration.
Interaction between ghost and gravitons may violate energy conservation in the massless sector. This possibility has been explored by Veltman in 1963. short, this means that the quantum scattering of ghost and normal (positive-energy) particles has the feature that the dominating process is accelerating a ghost, which gains more and more negative energy, while the positive compensating energy goes to the outflux of gravitons, in the present case.
So, the situation is such that the presence of ghost makes the theory ill-defined. Therefore, the question is whether it is possible or not that the Lagrangian of the theory admits the existence of the massive ghost excitation, while there is no such particle in reality. The first observation is that, if we do not include the ghost into the in state, the theory will be inconsistent, because interactions between ghost and gravitons will produce the ghost particles in the out state and the S-matrix of the theory will be non-unitary. Indeed, one can think that the scattering problems in QG are not the most important ones, especially at the relatively low energies, which means just much below the Planck scale. Assuming this viewpoint, one may not care about the S-matrix, especially because the Planck-mass particle may be nonobservable. However, this would be a wrong conclusion, because if massive ghosts really emerge in the theory, this will result in the Veltman scattering and finally to the huge flux of the energy of gravitons. Since we do not observe the emergence of gravitons with the Planck energy densities in experiments (and, in fact, in the real life which would be seriously affected!), it is natural to conclude that the Nature is organized somehow different, such that we do not have the Planck-scale ghosts interacting to gravitons.
History of the fight: physicists against ghost
Hopefully we have convinced the reader that the situation is somehow contradictory. From one side, we need higher derivatives to construct renormalizable theory of matter fields and quantum theory of the metric itself. Up to some extent the first part is even more relevant, because one can deal with the quantization of the metric in different ways, e.g., switch to the string theory. However, in the case of semiclassical theory we have to deal with a real physics, that means to put quantum fields on curved background. And this really requires the terms (6) to be present in the action. On the other hand, such important achievement as Hawking radiation is, 20 in fact, related to the conformal anomaly, 21 which results from the renormalization of the terms (6). The same is true for another very important application of quantum theory. The complete version of the Starobinsky model of inflation 22 is also based on the conformal anomaly. 23 In both cases one can perform the analysis on the basis of the anomaly-induced effective action of gravity, 24 which is just a natural quantum extension of (6). So, the higher derivatives are necessary and important, hence we can not (and, in some sense, do not like to) get rid of them.
On the other hand, in the presence of higher derivatives one meets massive ghosts, vacuum instability and related difficulties with consistent formulation of the theory at both classical and quantum levels. Hence, it is not a surprise that there were many attempts to find a solution of the ghost problem. Let us briefly discuss some of them.
One can construct higher derivative theories of gravity without ghosts 25, 26 (see also recent works in Ref. 27 ). All these theories are very similar to the GaussBonnet action, which is free of ghosts because the propagator of the gravitational field behaves in the UV like 1/k 2 . As it was discussed in Ref. 28 , this rules out renormalizability in the QG theory. The situation is even more clear in the semiclassical case, when the terms of the action (6) are generated by the matter loops. Obviously, any modification of the gravity action which rules out these terms does not help to make the theory consistent.
The mainstream approach for the ghost problem has been developed in Refs. 29, 30, 31. The idea is to assume the resummation of the perturbative series such that, taking the full propagator instead of the tree-level one, massive ghost becomes unstable and disappears in the out state. Then one can start with the in-state without ghosts and still have an unitary S-matrix of the gravitational perturbations. From the technical side, the best realization of this idea requires that the loop corrections shift the position of the ghost pole to the complex plane and that this position becomes gauge-fixing dependent. 31 With these assumptions one can prove the unitarity of the theory. Unfortunately, the existing perturbative and non-perturbative (e.g., 1/N expansion, lattice formulations etc) methods are not sufficient to claim whether these two conditions or at least part of them are satisfied or not.
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An alternative idea has been suggested by Hawking et al. 33 It is necessary to remember that the ghost does not emerge in the theory as independent particle, but only comes together with graviton. There is a chance that the quantum field theory which takes this aspect into account, will be free of instabilities. The realization of this interesting idea requires qualitatively new formulation of quantum field theory. Unfortunately, until now there is no consistent formulation of this sort and hence one can not be sure whether this approach really works or not.
Another possibility is to consider the situation when the ghosts are present, but the decay of vacuum takes very long time. 34, 35 There is an explicit calculation supporting this possibility, 36 but it works only for a very small mass of the ghost. On the other hand, in case of higher derivative quantum gravity the typical mass of the ghost is very large, of the Planck order of magnitude.
Finally, there was a very interesting proposal to generalize (18) to the nonpolynomial in structure. 37 One can choose the function of in such a way that there would be no ghosts. It is supposed that this theory will be superrenormalizable, exactly as (18) is for the polynomial of high (above three) order function. Recently there was a significant activity in exploring this kind of theories at the classical level (see Ref. 38 for the review and further references). At the quantum level, the main questions are how to perform quantization in the non-polynomial theory, and how to perform practical calculations. Another difficult problem is how to evaluate the superficial degree of divergence in such a theory. Gravity has a non-polynomical interactions, and according to the general formula (13) we meet an indefinite output D + d ∼ ∞ − ∞. Then it is difficult to arrive at some definite conclusions about whether the theory under discussion is superrenormalizable, renormalizable or even non-renormalizable. Some relevant considerations about this subject can be found in Ref. 39 .
We can conclude that the situation with Planck-scale massive ghosts is unclear, in the sense there are several interesting proposals, but no certainty that al least one of them can be successful. In what follows we describe a new approach which is much simpler and is probably working. The main point is the possibility of that the ghosts may be actually not generated from vacuum by interaction with gravitons, if these gravitons do not have energies comparable to the Planck scale. One can note that the spontaneous creation of ghost and gravitons means that the energy density of these gravitons in the given space-time point is of the Planck order of magnitude.
The low-energy classical solutions of the theory (4) with higher derivative terms (6) should be very close to the ones of GR, because the effect of the terms (6) is going to be Planck-suppressed. Then the theory is, in general, safe from the dangerous ghost instabilities if these classical solutions are stable against small perturbations of the metric. The stability of the theory in the Lyapunov sense (see, e.g., Ref. 40) means that the non-trivial background takes care about all non-linear effects, so if the theory is stable with respect to the small perturbations at the linear level, then the non-linear stability is guaranteed. On the other side, it is known that the spontaneous creation of ghost does not occurs within the linearized theory in flat space-time background (see, e.g., Ref. 10) . Therefore, all the question is whether the background metric can change this situation and, if this is the case, what are the conditions for the creation of ghost and/or instabilities.
Stability of classical solutions at low energies
In our opinion, the most risky assumption which is usually done to rule out the higher derivative theory is that the Ostrogradsky instabilities or Veltman scattering are relevant independent on the energy scale. There is a relatively simple way to check this assumption. Let us take a higher derivative theory of gravity and verify the stability with respect to the linear perturbations on some, physically interesting, dynamical background. If the mentioned assumption is correct, we will observe rapidly growing modes even for the low-energy background and for the low initial frequencies of the gravitational perturbation. On the contrary, if there are no growing modes at the linear level, there will not be such modes even at higher orders. One has to remember that the ghost issue is essentially a tree-level problem, so the study of classical solution is sufficient to draw conclusions about the general situation.
Up to the present moment, the program formulated above has been realized in the following three cases: 1) Cosmological background. In the particular case of de Sitter metric the result is partially known for more than thirty years 44 and has been repeatedly confirmed. 43, 45 In these papers the theory with semiclassical corrections to the classical action (6) has been used. On the other hand, recently the same investigation has been repeated for other cosmological metrics, such as radiation-and dust-dominated Universes. 7 At the same time, in all these papers the relation between instabilities and higher derivative ghosts was never traced back explicitly. This last part has been explored in Ref. 8 and in what follows we shall review the main results of this work.
2) Black hole background. In this case there are conflicting data in the literature, namely the statements about stability 41 and instability 42 of this solution. The analysis of this case is technically very complicated and we will not discuss it here in details. Let us only mention that it is not clear, to which extent the results depend on the choice of the boundary conditions, on the frequency of initial seeds of perturbations and also on some technical assumptions done in these works.
3) General curved background which is close to a flat space-time. Since the nonlinearities of the perturbations can be taken into account by means of a non-trivial metric background, it looks natural to consider a weak (albeit arbitrary) gravitational field. Such consideration is, in principle, possible.
8 Using normal coordinates and local momentum representation, we have constructed the relevant equations in the lowest non-trivial approximation. It is natural to expect that there will be a smooth transition to the precisely flat case, where ghost does not lead to instability. Probably this, technically complicated, study will end with the conclusion that there are no instabilities if the curvature is much smaller than the square of the Planck mass, which is the unique dimensional parameter in the theory (4). However, the results are not conclusive yet in this part.
Taking the present-day state of art into account, in what follows we shall describe only the situation with the cosmological background, where the results are qualitatively clear and understandable.
Background cosmological solutions
In principle, one can explore the stability of the classical solution in the theory (4), but for the sake of generality we can include also the semiclassical corrections coming from the massless fields. It is supposed that the effects of massive fields are negligible at the sufficiently low energies.
In the case of massless conformal fields one can set to zero the coefficient of the R 2 -term, a 4 = 0, in the action (6), without violating renormalizability. Therefore, the theory of our interest is described by the sum of a classical action (4) with a 4 = 0 and with the additional anomaly-induced quantum contribution a ,
where we used compact notations
Furthermore,
is the conformal self-adjoint Paneitz operator, coefficients ω, b, c depend on the number of quantum fields and S c [g µν ] is an arbitrary conformal invariant functional of the metric. Further details about derivation of (21) can be found, e.g., in Ref. 45 . In order to understand the effect of quantum terms on the conformal factor of the metric, let us consider the equation for this factor a(t), Consider unstable inflation, matter (or radiation) dominated Universe and assume that the Universe is close to the classical FRW solution. The equation is
where we have also introduced the matter term for illustrative purpose. Also, k = 0, ±1 and Λ is the cosmological constant. It is easy to see how the things change in this equation when the time change. First of all, let us consider the empty universe, with ρ matter → 0. In this case one can find particular solutions (see Ref. 22 and also Ref. 46 for the case with cosmological constant)
where Hubble parameter takes two constant values
a Since we are mainly interested in the tensor gauge-independent mode of the metric perturbations, there is no problem to assume that the classical R 2 -term is absent, since this term does not influence too much the dynamics of this mode.
Let us note that the coefficient b is negative for any particle content of the theory contributing to quantum terms. For the small cosmological constant Λ ≪ M 2 P the two solutions (26) boil down to
Obviously, the first solution here is usual Starobinsky inflation (initial part of it, better say) and the second one is the usual dS solution without quantum corrections. What we need here is the stability of the second of these solutions with respect to the tensor perturbations of the metric.
One can first perform a simple test of the model, by considering the stability of the low-energy solution with H − with respect to the perturbations of the conformal factor (see second reference in Ref. 46) . Consider H → H − + const · e λt and arrive at
The solutions of this equation have positive real parts
indicating the absence of growing modes. Obviously, the positive cosmological constant Λ > 0 protects the low-energy dS solution from higher-derivative instabilities in this case. One can regard the two dS solutions (27) as extreme states of the Universe.
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The first of these solutions is the initial phase of the Starobinsky inflation and the last one is the distant future of the Universe when the effect of all kinds of matter becomes irrelevant and only cosmological constant will drive the accelerated expansion. What is important for us is that, in the low-energy regime of a late Universe, the solution with H − provides an extremely precise approximation for the solution with quantum terms taken into account. In the absence of quantum term (21) this is an exact solution, because Eq. (6) with a 4 = 0 does not affect the dynamics of the conformal factor. But even if the quantum term (24) is taken into account, it is still a perfect approximation. The reason that the theory without matter has only two dimensional parameters, M P and Λ. Any correction to H − is given by a positive power of the ratio Λ/M 2 P , which is of the order of 10 −120 . So, we can safely use this background solution at low energies.
Let us now consider the case with the nontrivial matter contents, ρ matter . Consider the late time epoch. It is easy to see that the terms of the first line of (24) , which are of the quantum origin, behave like t −4 . At the same time the second-line terms, of the classical origin, all behave like t −2 (see Ref. 48 for more detailed discussion). Obviously, the quality of the classical approximation for the solution a(t) becomes better for t → ∞ and can be considered a very good one in the late epoch of the Universe.
Gravitational waves and ghosts
Now we are in a position to explore the dynamics of the gravitational waves on the background of cosmological solutions described in the previous section. For this end we consider small perturbation
where the last three conditions mean synchronous coordinate condition and fixing the gauge freedom such that we deal with the tensor mode only. The background metric should be g 0 µν = {1, −δ ij a 2 (t)}, where a(t) can be chosen as cosmological constant-, radiation-or dust-dominated classical solution. Finally, our notations are µ = 0, i and i = 1, 2, 3. In order to explore the time dynamics of the gravitational waves one can make a partial Fourier transformation
and assume that the modes with different momenta do not interact between each other. Then k = | k| becomes a constant parameter and one can deal with an ordinary differential equation instead of a partial one.
In the original papers we worked with both classical case described only by the action (4) in Ref. 8 and with the theory which includes semiclassical corrections (21) in Ref. 7 . It was shown that the effect of these semiclassical corrections is negligible when we deal with the sufficiently small perturbations and sufficiently weak background. The qualitative explanation of this fact is that all the terms in (21) are at least of the third order in curvature tensor, or reduce to the less relevant R 2 -term. Therefore, for the reason of compactness we will restrict ourselves by the purely classical case and also keep the cosmological constant zero and the space section of the space-time manifold plane. Then the equation for the perturbations have the form 1 3
Already at this level one can see that the equation depends only on the coefficient of the Weyl-squared term a 1 in the action (6) and not on other terms, as one should expect. The analysis of the equation (32) and its semiclassical generalization has been done in Ref. 8 and Ref. 7 , correspondingly. Let us present here only qualitative results, which were achieved by both analytical and numerical methods. The analytical method was based on the following idea. One can approximately treat all coefficients as constants, assuming that the time variation of the Hubble parameter and its derivatives performs slower that the one of the perturbations. In this case the consideration can be performed by conventional elementary methods. The numerical methods included the CMBEasy software or Wolfram's Mathematica, and provided the results which were perfectly consistent with the mentioned analytic approach.
The net result is that the stability is completely defined by the sign of the coefficient a 1 of the Weyl-squared term b . The most relevant observation is that the sign of this term defines whether graviton or ghost has positive or negative kinetic energy! One can distinguish the following two cases: • The coefficient of the Weyl-squared term is negative, a 1 < 0. Then
In this case there are no growing modes up to the Planck scale,
For the dS background this is in a perfect agreement with the previous results of Ref. 44 and Ref. 43 . It is remarkable that when the frequency k = | k| is getting close to the Planck scale, the growing modes start to show up. From the physical side this means that the higher derivative theory (4) is actually stable against ghost-induced perturbations, but only for the frequencies below the Planck cut-off. Some plots illustrating this situation are shown in Figure 2 .
• The classical coefficient of the Weyl-squared term is positive, a 1 > 0. In this case the propagator of the tensor mode has the form
With this "wrong" sign of a 1 , the massless graviton is becoming a ghost. On the contrary, massive spin-2 particle in this case has positive energy. As one could expect, in this case there is no Planck-mass threshold and, as we have found, there are rapidly growing modes at any scale of frequencies. This example is artificial, but very illustrative, for it explicitly shows the relation between mass of the ghosts and the stability of classical solutions. Coming back to the physical case a 1 < 0, the natural interpretation of the result is that, at low energies, the massive ghosts are present only in the vacuum state. There are no even one of such excitations "alive" until the typical energy scale remains below the Planck mass threshold. As far as the frequency comes close to M P , the ghosts start to be generated from vacuum and we observe strong instabilities.
One more verification of the correspondence between ghosts and stability with respect to tensor modes can be obtained for the superrenormalizable theory (18) .
b Let us mention that the same is true in the semiclassical case with the non-zero coefficient c, which corresponds to the classical a 4 . According to the result (19), if we include just one dAlembert operator , there will be only one extra massive tensor particle and it is not a ghost, hence the stability conditions should not be modified. And this is exactly what we have observed in this case by means of numerical and analytical methods, in Ref. 8 . In particular, the threshold frequency almost does not change if the mass of the ghost is the same. Once again, we observe a correspondence between the presence and mass of the ghosts and (in)stability of the classical solution.
Conclusions and further perspectives
One should definitely quantize both matter and gravity, for otherwise the theory would not be complete. Indeed, the quantum matter is something essentially more certain than the quantum metric, simply because quantization of matter is really experimentally supported, in all senses. Since it is not possible to deal with the quantization of matter fields without higher derivatives terms (6), the main question is not whether we like these terms or not. In our opinion the question is to explain why these terms do not produce destructive instabilities in the classical gravitational solutions.
For QG with higher derivatives, the propagator includes massive nonphysical mode(s) called ghosts. These massive ghosts are capable to produce terrible instabilities, but for some unknown reason our world is stable and it is interesting to understand why this happens. There are many ways to deal with this fact, and here we reviewed some of them. It turns out that, at least in the cosmological case, ghosts are not produced at the energy scales far below the Planck mass. If there is no at least one such ghost excitation in the initial spectrum, there are no instabilities at the linear approximation and the Lyapunov theorems guarantee that this will be the case, also, at the non-linear level.
It is possible that massive ghosts do not pose real danger below the Planck scale. However, in order to check this fact, it is important to have well-established results for other backgrounds, starting from the Schwarzschild and Kerr solutions. On the other hand, it would be interesting to analyse the general metric case in the approximation of weak curvature tensor components.
Assuming that our conjecture about the situation with ghosts "sleeping" in the vacuum state is correct, the higher derivative gravity becomes a perfect candidate to be an effective QG below the Planck scale. Then we have to answer the question of whether the effect of this theory at low energies is the same of the low-energy quantum GR or not, as it was discussed in Ref. 49. It is clear that the energy scale below Planck mass covers most of the possible applications. On the other hand, there is a conceptually important question of what happens with the ghosts above M P . In this case we need some new ideas. The solution can be related to string theory, or to some new principles of Physics which we do not know yet. In principle, on of the options would be some principle which forbids the Planck densities of energy to form. For instance, some hypothesis which closely fit this requirements, can be found in the recent works, 50 but, in general, this problem remains open.
